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Answer four questions, taking one from each Unit

UNIT-I

1. (a) State whether the following statements
are tme or false with brief justification
(any foui @" b, c, d. denote positive
integers) : 2Yzx4=IO

(i) If p is a prime and.a2 =b2 (modp),
then pla-b.
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(b)

(c)

l2l

(A If a is odd, then (a+ 3, a-31 = S'

@) aa such that 5a2 +22 is divisible

by 17.

(iu) lt I p-I = - 1 (mod P), then P is a
prime.

(u) rf a2 lc3, then alc.

(ui) rt blaz +1, then blaa +1.

(uii) Ttre set of integers

{7, 2, 4, 8, 7, -2, -4, -8]r

forms a reduced residue sYstem

modulo 15.

State and Prove Wilson's theorem'

Find the last two digits in ordinary

decimal rePresentation of 72oo'

Prove thatnt2 - aL2 is divisible by 9l if n
and a are Prime to 91.

Show that 3, 6,9, ..',3m is a comPlete

residue sYstem modm, if 3xm'

If q is a prime factor of a2 +b2 and If

q = 3 (mod 4), show lhat qla and qlb'

(Continued )

2. (a)

(b)

(c)
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(d)

(e)

{3t

If p is an odd prime, show that

72 . 32 . s2 ... (p-212 = 1*ry# (mod p)

Prove that lll24nn3*5n+2 for every
positive integer n.

UNIT-II

Find all integers that give remainders
I, 2, 3 when divided by 4, S and 7
respectively.

Solve the congruence 15x = 25 (mod 35).

Show that p{n) is multiplicative and
r I if n=l! u{r/l = l

fr"' '' Io if n>t

If k is the number of distinct prime
factors of n (a positive integer), show
that

2lP@)l=zn
dln

Give an example to show that if /(n) is
totally multiplicative, F(n) need not be
totally multiplicative, when

F{n)= Z f tA
dln

( Tum Ouer )

3. (a)
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(c)

(d)

(e)



4. (a)

(b)

s. (a)

(b)
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(c)

(d)

(e)

t4l

What is the highest power of 6 dividing

ls23?

lf 196 were written out in the ordinary
decimal notation without factorial sign,
find the number of zeros that would be
at the right end.

For any two real numbers x and y, show
that

lxl+[a\sfx+s] s [x]+ [y]+1

Prove that

If a and b are positive integers such that
(qb)-- 1 and c is a real number such
that ar, bc are integers, prove that c is
an integer. Hence show that

lnl-
Lsl.!-

isanintegerif (q bl =1and a+b=n+1.

UNIT-III

Let ae R, a ring. Show that
{x e R : ax =Al is a subring of R.

Show that a finite integral domain is a
field.

(Continued )
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6. (a)

(s)

I.et A be an ideal of a commutative ring
R * {0}. Show that R I A is an integral
domain if and only if A is a prime ideal.

I,r:t J - {a+AJZ : a, b e Q}. Show that J
is a commutative ring under addition
and multiplication of real numbers. Is it
a field? JustiSr.

If U and V are two ideals of R, show that
U+V={x+A:xeU wtdgeV}

is an ideal of R.

In a ring R, if x2 = xY xe R, show that

R is commutative.

Show that the units of the ring
Zlf = {a+ ib: a, b e Z)

are +1 and -1.

Let R be a commutative ring with unity
whose only ideals are (O) and R itself.
Show that R is a field.

In the ring of integers Z, find a positive
integer m s.t. 2Z +32 = mZ.

UNrr-IV

7. (a) Define a ring homomorphism. Show
that the map 0:24 -sZn defLned bY

0(x)= 5x is a ring homomorphism' l+3=4
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(d)

(b)

(c)

(d)

(e)



(b)

{61

If Q:R-+S is a ring homomorPhism,
show that-

0 0(Al is an ideal of S whenever A is
an ideal of R;

(ii) ker $ is an ideal of R;

@l Q-l{q is an ideal of R for every ideal

BofS;
(iil) R is commutative implies 0F) is

commutative. 2x4=8

Show that the only ring automorphism
of the set of rational numbers is the
identily map. 4

Show that the map 0: R --> V' defined bY

T1 b1I l+a
Lo c )

where

(c)

(d.)

tt1 o1 , ou,"e zI*=tlu cl 
)

is a ring homomorPhism.

8. (a) Show that

26Dl7A7

z,IJ-51- la+ bJ-s : a, b e z\

is an integral domain but not a unique
factoization domain. 5

( Continued )



(b)

(c)

(d)

(e)

l7l

In a PID, show that an element is
irreducible if and only if it is prime.

In the integral domain ZIJA, give an

example of an irreducible element which
is not a prime.

Give an example of a prime ideal which
is not maximal.

In a finite commutative ring, show that
every prime ideal is maximal.

***
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