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Answer fonr questions, taking ose from each Unit

1. (a)

Ut*tt-I

L€t G = {A e Mz0R) ldet@;= 1;. Prove
that Gforms a non-Abelian group urrder
matrix multiplication. 5

Explain why Zs does not form a group
under multiplication modulo 8. 2

L€t g* = 1a+ib I qbe IR, a2 +b2 *O) be

the group of non-zero complex numbers
under multiplication. Find the inverse of
an element a+ib in C *. 3
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(b)

(c)



(d)

l2l

Prove tJlat G is en Abelian grogp if and
only if (abl2;o2b2 fo, atl qbeG-

Prove that if every element of a group G

is its own inverse, then G is Abelian-

Prove that the set of all positive rational
numbers forms an Abelian Soup under

tJre operation defined bY a*b=+.-2

t*t G be a grouP, and a, b, c e G- Prove

tl:rat ab = ac implies b = c.

Determine the order of every element of
V,6'ander addition modulo 6.

Let G be a grouP and ae G such that
ord(@ = n. If ak = e for some integer k,

then prove that n divides lc

Give an example of an infinite group

containing an element of finite order.

Prove that in any group, an element and
its inverse have the same order.

UNIT_II

Let Sn denote tllp set of all permutations

on the set A = {1, Z 3,"', flll, where n 2 3.

Prove that-
(t) S" forms a gouP

composition of maPs;

(a) Sn is non-Abelian.

(e)

2. (a)

3. (a)

(b)

(c)

(d)

(e)

a

under

3+2=5
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(b)

(c)

(d)

(31

Find all subgroups of 53. 3

What is tJle inverse of a ft-cycle in So?
Prove that the order of a h-cycle is k.

3+3=6

I.et a = (12345) (678) and p = (23844 (s6)

be permutations h Sa. Find c2p and

9-ro. s

Prove that disjoint cycles in Sn

commute. 4

Prove that every permutation in Sn

can be expressed as a product of
transpositions. Is the representation, of
a permutation as a product of
transpositions, unique? Justi$ your
answer. 4+1=5

Determine whether the , following
permutations are odd or even : 3

(t) (L2l (34s) (78e)

(ii) l623srl (724e)

Prove that An, tJ:e set of even
permutations in Sr., is a subgroup of
srr.

Show that the product of any two odd
permutations is an even permutation. 3

4- (a)

(b)

(e)
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(c)

(d)
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s. (a)

(b)

{c)

6. {a)

(e)
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(d)

(e)

(b)

(c)

t 4l

UNIT_III

Prove that every cyclic group is Abelian. 3

If a is a generator of a grouP G, Prove
that a-L is also a generator of G. 4

Let G be a group and ae G Defrne the
centralizer of a in G, denoted by C(@.

Prove that C(a) is a subgroup of G. 1+3=4

Prove that every subgroup of Z is of the
fotm nZ, for some integer ra 4

Find all proper subgrouPs of the
quaternion grouP

Qs = {1, -1, i -\ i, - i,lg-k\
Are all of them cYclic? 4

Let H be a subgrouP of G and q be G.

Prove that aI! = bH if and only if
a-|be H.

Determine the index of 3Z rn Z-

Let G be a linite group and ae G. Prove

that ord(a)=l<a>L and further show

tJlat ord(a) divides lGl.

Prove that an infrnite cyclic group has
exactly two generators.

State and prove Fermat's Little theorem.

(d)

4

3

3

4
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7. (a)

(b)

8- (a)

(b)

(c)

(d)

(sl

UNIT{v

Prove that the intersection of any two
normal subgroups of Gis normal in G. 4

If II is a subgroup of index 2 in G, prove
that Ff is normal in G. Explain why ,43 is
a normal subgroup of 53. 4+2=6

Determine, up to isomorphism, all
quotient groups of Zrr. s

Let Q: G -+ G' be a group
homomorphism. Prove that Q is one-one
if and only if ker Q = {e}. 4

State and prove the fundamental
theorem of group homomorphism. l+5=6

L€t G be a group and ae G. Define a
map fo: G + G as fo@) = a-r )ca for
all x e G. Prove that fo is an
automorphism. 4

Find all automorphisms of 26. 4

Prove that any non-cyclic group of order
4 is isomorphic to the Klein 4-group. s

***

(c)

(d)
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